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Abstract. We study images of the unit ball under certain spe- 
cial classes of quasiregular mappings. For homeomorphic, i.e., 
quasiconformal mappings problems of this type have been stud- 
ied extensively in the literature. In this paper we also consider 
(3JQf non- homeomorphic quasiregular mappings. In particular, we study 

^ ■ (topologically) closed quasiregular mappings originating from the 

work of J. Valsala and M. Vuorinen in 1970's. Such mappings need 
not be one-to-one but they still share many properties of quasi- 
conformal mappings. The global behavior of closed quasiregular 
mappings is similar to the local behavior of quasiregular mappings 
restricted to a so-called normal domain. 



1. Introduction 

We consider quasiregular mappings in the n-dimensional Euclidean 
space M n . Quasiconformal and quasiregular mappings in M. n , n > 3 are 
respectively natural generalizations of conformal and analytic functions 
of one complex variable. For basic properties of these classes of map- 
pings, we refer to [Xlf \T7\ [21] . In the complex plane, it follows from 
the Riemann mapping theorem that any simply connected domain is 
the image of the unit disk in a conformal, and thus quasiconformal, 
mapping. The so-called measurable Riemann mapping theorem fur- 
ther generalizes this result by allowing one to find a mapping of given 
dilatation. However, the problem of characterizing the quasidisks, i.e., 
quasiconformal images of the unit disk in the quasiconformal mappings 
of the the whole plane onto itself has theoretical interest (see e.g. [2j [5] ) . 
For n > 3 even the question of characterizing the quasiconformal im- 
ages of the unit ball B n is highly non-trivial, and it has been studied 
by many authors [6j [7J [15]. In this paper, we present several examples 
related to this topic, and new results concerning the so-called closed 
quasiregular mappings. 
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The topological properties of quasiregular mappings are similar to 
those of analytic functions. It is well-known that a nonconstant quasireg- 
ular mapping is discrete (i.e. sets are discrete) and open (see e.g. 
[HJ 1.4.1]). We study a subclass of the quasiregular mappings which 
are characterized by the property that they preserve closed sets. This 
class of mappings is more general than the quasiconformal mappings, 
as closed mappings need not be homeomorphic. The class of closed 
quasiregular mappings originates from the work of J. Vaisala [16] and 
M. Vuorinen [miHEO]. 

The global behavior of closed quasiregular mappings is similar to 
the behavior of quasiregular mappings restricted to the so-called nor- 
mal domains. The existence of such neighborhoods is well-known, but 
usually nothing is known of their diameter. The importance of the 
assumption that mappings are closed arises from the fact that it allows 
us to extend local estimates which are based on the conformal modulus 
to global ones. 

2. Preliminaries 

We shall follow standard notation and terminology adopted from 
[32], EI] and H3. For x e R n , n > 2, and r > 0, let M n (x,r) = {z e 
R n : \z-x\ < r}, S n-1 (a:,r) = <9B n (x,r), B n (r) = B n (0,r), S n-1 (r) = 
<9B n (r), B n = B n (l) and S^ 1 = dM n . The space I" = R n U {oo} is the 
one-point compactification of W 1 . The surface area of is denoted 
by w n _i and Q n is the volume of B n . It is well-known that CJ n _i = nfl n 
and that 

" r(l + n/2) 

for n = 2, 3, . . ., where T is Euler's gamma function. The standard co- 
ordinate unit vectors are denoted by e 1: . . . , e n . The Lebesgue measure 
on M. n is denoted by m. 

Quasiregular mappings. A continuous mapping f:G—t W 1 , n > 2, 
of a domain G in W 1 is called quasiregular if / is in the Sobolev space 
W l( J™(G), and there exists a constant K, 1 < K < oo, such that the 
inequality 

\f'(x)\ n <KJ f (x) 

holds a.e. in G, where f'(x) is the formal derivative of /, and |/'( x )l = 
maxi^i \f'(x)h\. The smallest K > 1 for which this inequality is 
true is called the outer dilatation of / and denoted by Ko(f)- If / is 
quasiregular, then the smallest K > 1 for which the inequality 

j Ax) < Ki(f( x )r 

holds a.e. in G is called the inner dilatation of / and denoted by Kj(f), 
where l(f'(x)) = minimi \f'(x)h\. The maximal dilatation of / is the 
number K(f) = maxji^/), K (f)}- If K(f) < K, f is said to be 
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.fT-quasiregular. A quasiregular homeomorphism f:G—> fG is called 
quasiconformal. 

By generalized Liouville's theorem for n > 3, every 1-quasiregular 
mapping in MP is a restriction of a Mobius transformation or a constant. 
The Mobius transformations are very useful in the study of quasiregular 
mappings. In particular, we make use of the mapping T a , a e B n , 
which is the Mobius transformation with T a (M n ) = B n , T a (a) = and 
for e a = a/\a\, T a (e a ) = e a and T a (-e a ) = -e a . For a = 0, we set 
T = id (see [2H p. 11] or [1, II 2.6]). 

Modulus of a path family. Let T be a path family in M. n , n > 2. 
Let J-'iT) be the set of all Borel functions p: M. n — > [0, oo] such that 

pds > 1 

for every locally rectifiable path 7 e T. The functions in J-"(r) are 
called admissible for T. For 1 < n < 00, we define 

(2.1) M(r) = inf / p n dm 

pe J-(r) J R n 

and call M(r) the (conformal) modulus of T. If ^(r) = 0, which is 
true only if T contains constant paths, we set M(r) = 00. If r 1; r 2 
are path families in M. n , and every 7 e T 2 has a subcurve in Ti, we 
say that T 2 is minorized by T\ and write T 2 > Ti. If T\ < T 2 , then 
M(ri) > M(r 2 ). For the basic properties of the modulus of the path 
family, we refer to [HI [T7J |2T]. It is well-known that the modulus of 
a path family is invariant under conformal mappings. We denote by 
A(A, B; G) the family of paths joining A and B in G. 

We use the following well-known identity of the modulus of the spher- 
ical annulus: Let < a < b. Then, 

(2.2) M(A(B n (a),§"- 1 (6);B"(6))) = Wn _ 1 (log-J . 

Canonical ring domains. The complementary components of the 
Grotzsch ring RG,n(s) in IR are B and [sei,oo], s > 1, and those of 
the Teichmiiller ring R Tj7l (s) are [— ei, 0] and [sei, 00], s > 0. We define 
two special functions 7„(s), s > 1, and r n (s), s > 0, by 

f Tn (s) = M(A(B", [se u 00])) = 7O), 
\ r n (s) = M(A([-ei,0],[sei,oo])) =r(s), 

respectively. The subscript n is omitted if there is no danger of con- 
fusion. We shall refer to these functions as the Grotzsch capacity and 
the Teichmiiller capacity. It is well-known that for all s > 1 

7 „(s) = 2"- 1 r n ( S 2 -l), 
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and that r n : (0, oo) — > (0, oo) is a decreasing homeomorphism. For 
s > 1 we have the following inequalities (see e.g. [21, 7.24]): 

(2.3) W n _i(l0g XnS) 1 n < 7(s) < Wn-^logs) ™, 

where A n is the Grotzsch ring constant depending only on n. The value 
of A n is known only for n — 2, namely A2 = 4. For n > 3 it is known 
that 2e°- w ( n -V < X n < 2e n ~\ For more information on the constant 
A n , see [31 Chapter 12]. 

We will use the following estimate from [101 2.11]. Suppose that 
G = A \ C is a ring domain such that icl" and C is a connected 
set with 0, x £ C. Then 

(2.4) M(A(tf, 0A; G))> 7(1/1*1)- 

if/- and fQj-inequalities. Next we give two very useful inequalities, 
known as Kj- and i^o-inequalities, respectively. The -/^-inequality is 
also known as Vaisala's inequality. 

Theorem 2.5. ([TU Theorem II. 9.1]) Let f : G — > M. n be a nonconstant 
quasiregular mapping, V be a path family in G, V be a path family in 
W 1 , and m be a positive integer such that the following is true. For 
every path : I — >• R n in V there are paths a±, . . . , a m in T such that 
j °ctj C for all j and such that for every x £ G and t £ I the equality 
otj(t) = x holds for at most i(x, /) indices j . Then 

M(r') < ^t^M(r). 

m 

In particular, we have the Poletskii's inequality: 

Theorem 2.6. ( [14"} Theorem 8.1]) Let f ': G — )■ M n &e a nonconstant 
quasiregular mapping and let V be a path family in G. Then 

M(/T) < i^/(/)M(r). 

Theorem 2.7. ( [14, Theorem II.2.4]) Z-et /: G -> M n 6e a nonconstant 
K -quasiregular mapping. Let A G G be a Borel set with N(f, A) < 00, 
and let T be a family of paths in A. Then 

M(T)<Ko(f)N(f,A)M(fT). 

3. Topological properties 

Next we recall some topological properties of quasiregular mappings. 

Discrete and open mappings. It is well-known that a nonconstant 
quasiregular mapping is discrete and open. We denote by Bf the branch 
set of /, i.e. the set of points where / fails to be a local homeomorphism. 
A result by V. A. Chernavskii states that dim Bf < n — 2 for a discrete 
and open /: G — » W 1 . The properties of discrete and open mappings 
were further studied in by J. Vaisala in [16], where also the multiplicity 
of discrete, open and closed mappings was studied. 
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Normal domains. Let f'.G—t W 1 be a discrete and open mapping. 
A domain D CC G is called a normal domain for / if fdD = df'D. 
A normal neighborhood of x is a normal domain D such that D D 
f-\f{x)) = {x}. 

Multiplicity and normal domains. Let /: G — > R n be a discrete 
and open mapping. We denote by i(x, f) the infimum of sup y card/ _1 (?/)n 
U where U runs through the neighborhoods of x. The number i(x, /) is 
called the local (topological) index of / at x. Let C C G. The minimal 
multiplicity M(f, C) and the maximal multiplicity N(f, C) are defined 
by 

(3.1) M(f,C) = inf 

xef- l {y)nc 

(3.2) iV(/,C) = sup ^ 

yefC xef-Hy)nC 

respectively. 

The following result holds for discrete, open and sense-preserving 
mappings: 

Lemma 3.3. ([El Corollary II. 3. 4]) Let f : G — >■ M n 6e discrete, open 
and sense-preserving , D C G a normal domain for f , (3 : [a, b) — >■ /Z) 
a pat/i and m = N(f,D). Then there exist paths aj\ [a, 6) — > D, 
1 < j < m, such that 

(1) fo aj = (3, 

(2) card{j : <x,(t) = x} = /) for x E D n f~ l f3{t), 

(3) |«!|U...U|« m | =Dur 1 |/3|, 

where \a\ stands for the locus of a, i.e. the image set a[a,b), and 
a<t<b. 

Cluster sets. The cluster set of / : G — > M" at a point b G dG is the 
set C(f,b) of all points z G M for which there exists a sequence (bk) 
in G such that bk — >■ 6, and — >■ ^. Let 

C(/, = |J C7(/, 6) 

b&E 

for a non-empty set E C 9G, and C(/) = C(f,dG). A mapping / is 
closed if f A is closed in fG whenever A is closed in G and proper if 
is compact in G, where Q is compact in fG. If C(/) C dfG, f 
is said to be boundary-preserving. 

Discrete, open and closed mappings. Next we recall some useful 
topological results for discrete, open, and closed mappings. 

Theorem 3.4. (See [El 5.5], pH 3.3] and [El 3.2-3.3]) Let f : G -»■ 
IR n fre discrete and open. Then the following conditions are equivalent: 
(1) / is proper. 
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(2) / is closed. 

(3) / is boundary-preserving. 

(4) Each sequence of points of G converging to a point of dG is 
transformed by f onto a sequence no subsequence of which con- 
verges to a point of fG. 

(5) N(f, G) = p < oo and for all y G fG, where 

k 

p = J^i(x i ,/), {x x ,...,x k } = f~ l {y). 
J'=l 

Corollary 3.5. If f : G — > R n is discrete, open, and closed, then 
C{f) = dfG. 

Lemma 3.6. [181 Lemma 3.6] Let f : G — > R ra be discrete, open, and 
closed, let U C fG be a domain, and let D be a component of f~ x U ' . 
Then fD = U and f\D is closed. Moreover, C(f\D) = dU. If f has a 
continuous extension f to D, then fdD = dU. 

Remark 3.7. In the plane each closed quasiregular mapping f: B 2 — > 
B 2 has a representation 

f = 9°h, 

where h: B 2 — > B 2 is a quasiconformal mapping and g: B 2 — > B n is 
a finite Blaschke product or a constant (see [T8J Theorem 4.1]). This 
result follows immediately from the Stoilov decompostion and the fact 
that each closed analytic function is a finite Blaschke product. 

4. Unions of balls 

In this section, we prove a result which shows that a domain which 
is an union of a finite number of balls is always a K- quasiconformal 
image of a ball. The proof of this result also gives an explicit upper 
bound for the dilatation K. 

We say that a domain Gel is a K-quasiball, or simply quasiball, 
if there exists a if-quasiconformal mapping / of M onto itself such 
that G = f(M n ), where If = R n U {oo}. 

Theorem 4.1. Let B±, B%, . . . , B m be balls in W 1 such that for 1 < j < 
m, \rj + i — Tj\ < \xj + i —Xj\ < Tj + r J+ i and Bj PI Bk = for \ j — k\ > 1 . 
Then D — B\ U B% U . . . U B m is a quasiball. 

Wedge-shaped domains. Let (r, tp, z) be the cylindrical coordinates 
of a point x G IR n , n > 3. For r > 0, < (p < 2n ( or —n < if < it) 
and z e R n_2 = {(0, 0, z 3 , ■ • ■ , z n ) : Zi G R, % — 3, • • • , n} we define 

X\ = rcosip, 
X2 = r sin ip, 
Xi = Zi for 3 < % < n. 

The domain VU( 7j7+q ,), defined by 7 < <p < 7 + a, is called a wedge of 
angle a, where < 7 < 2tt, < a < 2tt and < 7 + a < 2tt ( or 
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— 7r <7<7r, < a < 2n and — n < 7 + a < it). We also say that the 
domain W / ( 7 7+a ) is a wedge of angle a with the starting angle 7. For 
any rotation a around the subspace M. n ~ 2 , a{W in+a ) is still a wedge 
of angle a. In particular, W / ( 7i7+7r ) is a half-space in M n for any 7. 

Given two wedges VF( 71)71+a ) and ^(72, 72+/?); the quasiconformal dif- 
feomorphism / defined by f(r,<p,z) = (r, fl(p/a,z) is called a folding. 
Assuming that a < f3 we have 

Then / is a quasiconformal mapping. See [XT] 16.3] for more 

details. 

In what follows, we always denote by B n (xj,rj) the ball in ~R n with 
the center Xj and the radius ?v 

Lemma 4.2. Suppose that B\ and B 2 are two balls which satisfy \r 2 — 
r i\ < \ x i~ x 2\ < r i + r 2 in W 1 . Then there exists a G (it, 2tt) such that 
the domain D = B\ U B 2 can be mapped onto a wedge W( 7)7+a ) by a 
Mobius transformation. 

Proof. Choose three distinct points yi,y 2 ,yz G S. Then there exists 
(see e.g. [J 7.21]) a Mobius transformation g such that g(yi) = 0, 
g(y2) = e n and g(yz) = 00. It follows that Hi = g(Bi) and H 2 = g(B 2 ) 
are half spaces in W 1 and G S' = dHi fl dH 2 . Clearly g(D) is a wedge 
VF( 7i7+a ) for some a G (7r, 27r). □ 

Angle of intersection. Suppose that B\, B 2 are two balls in R n with 
|r 2 — Ti| < \xi— x 2 \ < r 1 + r 2 . Then the angle of intersection, a(Bi,B 2 ), 
of Bi and B 2 is the number a G (it, 27r) such that there exists a Mobius 
transformation g such that g(B\ U B 2 ) is a wedge Wt 7i7+a ) of angle a. 

Corollary 4.3. Suppose that Bi, B 2 are balls in R n with \r 2 — r±\ < 
\x\ — x 2 \ < ri + r 2 . Then D = B x U B 2 is a K-quasiball, where K < 00 
is a constant depending only on a(Bi,B 2 ) and n. 

Proof. By Lemma T4.2^ it is sufficient to prove that for any a G (tc, 2tc), 
the wedge W( ltl+a ) of angle a is a quasiball. Without loss of generality, 
we may assume that W^^+a) = W(o,a)- Then the interior of M n \VT(o, a ) 
is the wedge W^^n)- Let 

„/ \ _ j (r, 7iLp/a, z) for < y? < a, 

J{r, <p,z)-\ ^ ^ + a )/( 27r - a)), z) for a < <p < 2vr. 

Then / is clearly a homeomorphism of M™ onto itself. It follows that 
/: M -> E is quasiconformal with K(f) = m&x{K(f\), K(f 2 )}, 
where fi, f 2 are foldings mapping W^o.a) and Wr ai 2w) onto W n and 
M^(7r,2ir) 5 respectively. □ 

Proof of Theorem J^.l, By Lemma I4.2I we may find a Mobius trans- 
formation g taking B\ U £> 2 onto a wedge W / ( 7i7+Ql ) of angle ct\ for 
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some «i € (TT,2n). Further, we assume that #(-82) = ^(o,tt) an d 
9(Bi) = W( w - aij 2Tr- ai ), i-e., W( 7)7+Qil ) = W^Tr-Q^Tr). Let -D m _j+i = 
5; U U • • • U B m and D' m _ i+l = g(D m _ i+1 ) (i = 1, 2, • • • , m). Define 

y>o = min{^ : £>™_ 2 W( 

7T — Ctl , 7T 

Obviously, < (po < 2ir — a±. We define a function f : R — > R™ by 

{(^^(V+lai- 71 "))^) for TT - ttx < < 7T, 
(r, 2) for tt < ip < tt + cp , 
{ ^t^t) a ^ Z ) for 7 r + ^o<^<3 7 r-a, 

Then /o is a i^i-quasiconformal mapping, and Ifi < 00 depends only 
on azi,(p and n. Let fi = g l o f o g. Then f 1 : R — >• R is i^i- 
quasiconformal and fi(D m ) = D m _i. 

Similarly, for j = 2, ... ,m — 1 we may define a i'T., -quasiconformal 
mapping ff. W ->> W with fj(D m ^ j+1 ) = D m ^j. Then / = / m _i o 
fm-2°- • - fi h is a 7^- quasiconformal mapping of the whole space onto 
itself and f(D m ) = B n , where /i is a suitable Mobius transformation 
and = rijTi 1 ^j- The claim follows. □ 

5. Closed quasiregular mappings 

In this section, we study some of boundary regularity conditions, 
introduced by J. Vaisala, under closed quasiregular mappings. These 
conditions are closely related to the boundary the mapping problems. 
We show that under certain assumptions boundary regularity condi- 
tions are preserved under closed quasiregular mappings. Indeed, with- 
out additional assumptions, the mapping properties of quasiregular 
mappings can be very different from quasiconformal ones, as illustrated 
by the following simple example. 

Example 5.1. It is well-known that one may map the unit ball R n 
quasiconformally into the half-ball B + — {x : \x\ < 1 and X\ > 
0}. Denote by f± this quasiconformal mapping, and let f 2 be the 
winding mapping f 2 : (r,{p,y) h> (r,2ip,y), defined in the cylinderi- 
cal coordinates with y £ R n ~ 2 , which is a well-known example of a 
quasiregular mapping (see e.g. [II])- Let / 3 be the winding mapping 
h : (Vi, r, (p,y<i,..., y n - 2 ) H> (y x ,r, 2yj, y±, ... , y n _ 2 ) for y £ R n ~ 2 . Then 
the quasiregular mapping / = / 3 o f 2 o f x maps the unit ball onto 
B n \ {x : Xi, . . . ,x n _2 > 0}. In particular, for n = 2 the image set is 
the unit ball with the positive e± axis removed. However, the cluster 
set of this mapping clearly consists of the unit sphere S"™ -1 and the 
in — 2)-dimensional disk through the origin, and thus the mapping / 
is not closed. 

Our results in this section, Theorems 15.31 and 15 A\ are generalizations 
of similar results for quasiconformal mappings (see [IT]). 
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Boundary regularity conditions. Recall that a quasiconformal map 
of B n onto B n has a homeomorphic extension to B , see [T^J Theorem 
2]. The following definition is from [TTJ 17.5]. 

Definition 5.2. Let G be a domain in R and let b G <9G. 

(1) The domain G is locally connected at 6 if b has arbitrarily small 
neighborhoods U such that £/ n G is connected. 

(2) The domain G is finitely connected at 6 if 6 has arbitrarily small 
neighborhoods U such that C/ fl G has a finite number of com- 
ponents. 

(3) The domain G has property Pi at b if the following condition is 
satisfied: Whenever E and F are connected subsets of G such 
that (jelnfwe have M(A(£, F; G)) = oo. 

(4) The domain G has property P2 at 6 if: For each point 61 G dG, 
b\ 7^ 6, there is a compact set F C G, and a constant 5 > 0, 
such that M(A(E, F;G))>5 whenever E is a connected set in 
G such that i£ contains b and 61. 

(5) The domain G is locally quasiconformally collared at 6 if there 
is a neighborhood Z7 of b and a homeomorphism g of U (~) G 
onto the set : \x\ < 1 and x n > 0} such that g\U fl G 
is quasiconformal. 

(6) The domain G is said to have one of the above properties at 
the boundary if it has it at every boundary point. 

Theorem 5.3. Suppose that G and G' are domains in R , and let 
f : G —7- G' be a continuous function such that fG = G' , and the 
mapping fi = f\G is quasiregular and closed. If G is a Pi domain, and 
G' is locally connected on the boundary, then G' is P±. 

Theorem 5.4. Suppose that G and G' are domains in R™ ; and let 
f ' : G —7- G' be a continuous function such that f'G = G' and the map- 
ping fx — f\G is quasiregular and closed. If G is a P2 domain, then G' 
also is P2- 

Recall the next result from [T7| 17.7]: 

Theorem 5.5. The following conditions are equivalent: 

(1) G is finitely connected at b. 

(2) Every neighborhood Uofb contains a neighborhood Vofb such 
that V fl G is contained in the union of a finite number of com- 
ponents of U nG. 

(3) If U is a neighborhood of b and if (xj) is a sequence of points 
such that Xj — > b and Xj G G, then there is a subsequence which 
is contained in a single component ofUCiG. 

The next theorem, due to M. Vuorinen, is a generalization of [17, 
17.13]. 
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Theorem 5.6. [18, Theorem 4.2] Suppose that f : G — )■ G' is a closed 
quasiregular mapping and that G has the property Pi at the point b G 
dG. Then the set C(f,b) contains at most one point at which G' is 
finitely connected. 



The combination of Theorems 15.51 and 15 . 61 easily implies the following 
result about the extension of closed quasiregular mappings. 

Corollary 5.7. Let f : G — >■ G' be a closed quasiregular mapping, let 
G be a P\ domain, and let G' be finitely connected on the boundary. 
Then f can be extended to a continuous mapping f: G — > G' . 

Now we are ready to prove Theorems 15.31 and 15.41 

Proof of Theorem \5.3[ Let V G dG' . For a point b in dG we define a 
set V(b,r) to be the 6-component of the set 

/- 1 (G ? nB"(/(5) J r)). 

Because C(/i) = dG' by Corollary 13. 5\ we may find a point b G dG 
such that f{b) = b'. 

Now, let E', F' be any continua in G' such that b' e E~' flF. As 
G' locally connected on the boundary, each neighborhood U of b' is 
connected and intersects with E' and F'. Let V be the 6-component 
of f^U. We choose E, F to be the 6-components of fl V H G 

and (f~ l F') PI V fl G, respectively. It follows that E, F are continua 
in G and b G E fl F. As G is a Pi domain, M(A(£, F; G)) = oo. By 
Theorem 13.4( 5). 

N(f,G)=p <oo. 
Let T = A(E,F;G). By Theorem O 

and thus 

oo = M(r) 

< N(f, G)K (f l )M(f 1 T) 

< pK (fi)M(A(E',F';G')). 

So, we have concluded that M(A(E', F'\ G')) = oo, and the claim is 
proved. □ 
Proof of Theorem\5^ Let b',b[ G <9G' such that b[ ^ b' and E' C G' 
be a connected set such that b', b' x G E'. By Lemma I3TB1 we may choose 

E c (r l E') n G 



such that /P = P' and P is connected. As by Lemma 13.61 

fdE = dfE, fdG = dfG, 

and 

b', b[ G dE' n <9G" = <9/£ n 9/G?. 
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Hence, we may conclude that dG D dE contains at least two separate 
points, b G f~\V) and h G 

Now 6, 6x G dG are separate points and E is a continuum such that 
b, bi G E. It was assumed, that G is a P2 domain, and so there exists a 
compact set F and a constant 5 > such that M(A(i£, F; G)) > 5. As 
/1 is a closed quasiregular mapping, by Theorem 13. 4[ N(fi,G) = p < 
00. By Theorem 12.71 

5 < M(A(E,F;G)) 

< N(f l ,G)K (fi)M(A(E'J l F;G')). 

We may choose F' = f\F and 

It follows that 

M(A(E',F';G')) >5'>0. 

As f±F is a compact set, the set G' is a P2 domain with the corre- 
sponding compact set F' and the constant 5', proving the claim. □ 
The following problem related to the branch set of a closed quasireg- 
ular mappings was given by M. Vuorinen in 1980's [211 P- 193], and it 
is still open. 

Problem 5.8. Let /: B n — > fM n C M n be discrete, open and proper. 
Assume that n > 3 and Bf is compact. Is / one-to-one? The answer 
is yes, if fM n = M n . 

Remark 5.9. A mapping f : G — >■ M n is called harmonic if all its 
coordinate functions Uj : G — > R satisfy the Laplace equation Auj = 
(see [Ijj. Some topological properties of harmonic mappings have been 
considered in [H] but, to our knowledge, the class of closed harmonic 
mappings has not been studied. 

6. Boundary behavior 

In this section, we prove some boundary behavior results for closed 
quasiregular mappings. 

Existence of arcwise limits. A classical theorem by P. Koebe states 
that a conformal mapping of a simply connected domain G in the 
complex plane C has arcwise limits along all end-cuts of G. R. Nakki 
[T5] proved a similar result for quasiconformal mappings in R n . We 
show that this result holds for closed quasiregular mappings as well. 

Let G a domain R". A point b G dG is called accessible from G if 
there is a closed Jordan arc 7 contained in G except for one endpoint, b. 
Then 7 is called an end-cut of G from b. Suppose that / is a mapping 
of G into R . The cluster set of / at b along an end-cut 7 from b is 
denoted by C 7 (/, b). lfC 1 (f,b) = {&'}, then b' is called an arcwise limit 
of / at b. 
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Definition 6.1. The spherical (chordal) metric q in is defined by 

V l +\ x \ v 1+ i ?/ i 

V 1+ N 

For a set i£ in R™, we denote by q(E) the diameter of E with respect 
to the metric q(x, y). 

Lemma 6.2. ([12]) £e£ G be a locally quasiconformally collared domain 
and let E,F be nondegenerate continua in G. Then for each r > 
there exists 5 > such that M(A(E, F; D)) > 5 whenever q(E) > r 
and q{F) > r. 

Theorem 6.3. Suppose that G is domain in R n , f: G — > G' = fG 

is a closed quasiregular mapping, and G' is a locally quasiconformally 
collared. Then f has arcwise limits along all end-cuts of G. 

Proof. Let b £ dG, and suppose that 7 is an end-cut from the point 
b. Fix a continuum C C G. We choose a sequence of neighborhoods 
Uk of b such that HfcLi Uk = {b} and 7^ = Uk H G fl 7 is connected 
for fc = 1,2, . . .. Write C" = fC. By Theorem 13. 4[ f~ x C' is compact, 
and by Lemma [3.31 every path in A(C", |/(7/ c )|;G / ) has a lifting in G 
beginning at |t&| and leading to f~ x C' . Denote by the family of 
these liftings. Then 

lim M(r fe ) = 0, 

k— >oo 



and fiTk) < A(C", |/(7fc)|; G'). Hence, by Theorem I2.6[ we have 

M(A(C, |/( 7A )|; G')) < M(/(r*)) < K/(/)M(r fc ) ^ 

as k — > 00. Then it follows by Lemma Iq\"21 that lim.k-^00 Q{\f(lk)\) — 
and hence / has a limit at b along 7. □ 

Relative size of preimages. By Theorem I3.4[ a set D has at most 
p < 00 preimages under a closed quasiregular mapping. Next we give 
an upper bound for the diameter of a preimage in terms of the diameter 
of another preimage, i.e., we will prove that only the images of the sets 
of roughly similar size can coincide in a closed quasiregular mapping. 
Our result reads as follows. 

Theorem 6.4. Let f: G — > M. n be a closed K -quasiregular mapping. 
Suppose that < t < 1, and Ai,A 2 C M n (x,tr) are nondegenerate 
continua with A\ fl A 2 = such that fAi = fA 2 and B (x, r) C G. 
Then there is a homeomorphism h: [0, 00) — > [0, 00) depending only on 
n,K,t and N(f,M n (x,r)) such that d(Ai) > h(d(A 2 )). 



Before the proof of Theorem I6.4[ we introduce two lemmas. 
Lemma 6.5. [HI Lemma 2.31.] Let < ro < 1. Then 

G(n,r )M(A(B(r),§"- 1 )) < 7n (l/r) < M(A(B(r), S"" 1 )) 
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C(n,r ) 



1 - 



log A n 
log r 



l—n 



Lemma 6.6. [2Tj 1.43] Let < s < 1. Then for all a,x,y eW l (s) 



1 + a 



2^2 



< |T a x-T a |/| < 



l-s : 



Proof. Proof of Theorem 16 . 41 Let p = N(f, M n (x, r)) < oo. By replacing 
/ with the mapping fog, where g: z H- (z — x)/r, if necessary, we 
may assume that M n (x, r) = M n . We choose the points -21,-22 £ ^.1 
and 2/1 , 2/2 ^ ^2 such that < 2\z\ — z 2 \ and d(A 2 ) < 2\yi — 3/2 [ , 

respectively. Next we estimate the modulus of curve family A(Al, S n_1 ) 
with the capacity of spherical annulus (I2.2p . and then apply Theorem 
12.61 to obtain the estimate: 

1-71 



^Vi-i 



2|T tt (za)| 



> 



l»s L,.,. ',. , i > M(A(A 1 ,§™- 1 )) 

M(/(A(A 1 ,§"- 1 ))) 

M(A(/A 1 ,/§"- 1 )) 

Ki{f) 
M(/(A(A 2 ,S"- 1 ))) 

*/(/) 

Now we apply the iT -inequality, and then estimate the modulus in 
terms of the capacity of the Grotzsch ring domain 

M(/(A(A 2 ,§"- 1 ))) > M(A(A 2 ,S n - 1 )) 



Ki{f) 



> 



pKj(f)K (f) 

i{\T v Ay2)\- 1 ) 



pKj{f)K {fY 

By combining these estimates with Lemma 16.51 and (I2.3P we obtain 



log 



21^(22) 



1-n 



> 



> 



7(1^ (y^r 1 ) 

pKi(f)K (f) 

C(n,t)u n -i 
pKj(f)K (f) 



log 



A, 



l-n 



We have (2X n \T Zl (z 2 )\) 



C(K,n,p,i) 



16.61 we obtain 
2A 



> \T yi (y 2 )\, and by applying Lemma 



1-t 2 



1 C(K,n,p,t) 



L vl+^) 2 

proving the claim. 



\z\ - z 2 \ 



> 



1-t 2 



m - 2/2 1 



□ 
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